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Abstract 



We provide a manifestly J\f = 2 supersymmetric formulation of the N = 2 
U(N C ) gauge model constructed in terms of J\f = 1 superfields in hep-th/0409060. 



The model is composed of M = 2 vector multiplets in harmonic superspace and 
can be viewed as the N = 2 U(N C ) Yang-Mills effective action equipped with the 
electric and magnetic Fayet-Iliopoulos terms. We generalize this gauge model to 
an Af = 2 U(N C ) QCD model by introducing N = 2 hypermultiplets in harmonic 
superspace which include both the fundamental representation of U{N C ) and the 
adjoint representation of U(N C ). The effect of the magnetic Fayet-Iliopoulos term is 
to shift the auxiliary field by an imaginary constant. Examining vacua of the model, 
we show that N = 2 supersymmetry is spontaneously broken down to N = 1. 
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1 Introduction 



It is widely appreciated that J\f = 2 supersymmetry imposes a strong constraint on the 
four-dimensional theory but yet leaves rich physical ingredients. For example, Af = 2 
super symmetric field theories develop controllable quantum effects pQ. Unconstrained 
Af = 2 superfields provide a manifestly Af = 2 supersymmetric formulation of them. 

There are two types of unconstrained Af = 2 vector superfields. First type, developed 
in [2] for the abelian case and in [2|[3] for the non-abelian case, is constructed on the usual 
Af = 2 superspace M 4 ' 8 parametrized by (x m , 6 % , % ) . The second type is constructed on 
harmonic superspace R 4 ' 8 x S 2 developed in [5] [U] [7j [S] (see [H] for introduction), and 
parametrized by 

(x^,e ± } 6 ± ,uf) = (x m - 2z6 l a m Vu+uJ v 6 l ut,6 i ut,ut) (1.1) 

in the analytic basis. The S 2 = SU(2)/U(1) is parametrized by harmonic variables uf 

(u+,ur) G SU(2) , u+ = e ijU +J , u +i u~ = 1 , u& = u~ . (1.2) 

For M = 2 hypermultiplets, harmonic superspace makes it possible to construct the 
off-shell M = 2 unconstrained hypermultiplets, the q + - and ^-hypermultiplets. Thus 
harmonic superspace provides a manifestly TV = 2 supersymmetric formulation of A/" = 2 
supersymmetric theories in terms of off-shell M = 2 unconstrained superfields. This 
property is very useful in the quantum calculations JU] of supersymmetric models. In the 
present paper, M = 2 superfields in harmonic superspace are utilized in the construction 
of JV = 2 U (N c ) gauge model coupled with Af = 2 hypermultiplets. 

In ^T], the M = 2 U(N C ) gauge model is constructed in terms of Af = 1 vector and 
chiral superfields in the adjoint representation of the gauge group U(N C ). This model is 
a non-abelian generalization of the U(l) gauge model with abelian constrained Af = 2 
vector superfields ^3] constructed by Antoniadis, Partouche and Taylor (APT) in [12 , 
and can be regarded as Af = 2 U(N C ) Yang-Mills (YM) low-energy effective action (LEEA) 
specified by a holomorphic function T and equipped with the electric and magnetic Fayet- 
Iliopoulos (FI) terms. In jTI] ^3] ^3] , the vacua of the model are examined. The Af = 2 
and U(N C ) symmetry are spontaneously broken to Af = 1 and J^J U(N n ) symmetry with 

n 

N n = N c , respectively. The associated Nambu-Goldstone (NG) fermion is shown to 

n 

be provided by the overall U(l) part in U(N C ). In addition, the spectrum on the vacua is 
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completely clarified in 

The key for the partial supersymmetry breaking is the modification of the local version 
of the extended supersymmetry algebra by an additional spacetime independent term 
^SlCSl- This modification is caused by the magnetic FI term. An important observation 
made in the study of the APT model J2| jJHj |20] [21] is that the effect of the magnetic 
FI term is to shift the auxiliary field in the M = 2 vector superfield by an imaginary 
constant (while that of the electric FI term is to shift the symplectic dual auxiliary field 
by an imaginary constant). This observation is shown to be useful in this paper in 
the construction of the magnetic FI term for M = 2 U(N C ) gauge model with/without 
hypermultiplets. 

In this paper, we provide a manifestly M = 2 supersymmetric formulation of the M = 2 
U(N C ) gauge model given in ^T] . For this purpose we employ M = 2 vector multiplets V ++ 
in harmonic superspace. The magnetic FI term is introduced so as to shift the auxiliary 
field in V ++ by an imaginary constant. This causes M = 2 supersymmetry to be broken 
spontaneously to Af = 1. In addition, we generalize this gauge model to an Af = 2 U(N C ) 
QCD model coupled with Af = 2 hypermultiplets, q + and u, in harmonic superspace which 
include both the fundamental representation of U(N C ) and the adjoint representation of 
U(N C ). We determine the form of the magnetic FI term such that it shifts the auxiliary 
field in V ++ by an imaginary constant. Examining vacua of the model, we show that 
this model also describes partial supersymmetry breaking. It should be noted that the 
magnetic FI term of the U(N C ) gauge model coupled with hypermultiplets in the adjoint 
representation is the same as that of the U(N C ) gauge model without hypermultiplets. 
However in presence of hypermultiplets in the fundamental representation the magnetic 
FI term develops an additional term. This additional term overcomes the difficulty [2U| 
|21j in coupling fundamental hypermultiplets to the APT model. 

This paper is organized as follows. In section 2, we introduce Af = 2 vector multiplets 

V ++ in harmonic superspace and construct an Af = 2 U (N c ) gauge model equipped with 

the electric and magnetic FI terms. The vacua of the model are examined in section 3. We 

show that the model describes spontaneous partial supersymmetry breaking. Introducing 

Af = 2 hypermultiplets, q + and u, in harmonic superspace we generalize the model to the 

Af = 2 U(N C ) QCD model equipped with the electric and magnetic FI terms in section 

4. We introduce the magnetic FI term so as to shift the auxiliary field by an imaginary 

constant. In section 5, we show that owing to this property, Af = 2 supersymmetry is 

"This series of works |14] |15| is based on J\f = 1 superspace and construction of most general Af = 2 
Lagrangian based on special Kiihler geometry JH] which were developed after tensor calculus |17|. 
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broken down to M = 1 spontaneously. The supersymmetry transformation law of the 
components in the vector multiplet V ++ and the hypermultiplets, q + and u, is found in 
appendix B. In this paper, we follow the notation for harmonic superspace given in jH] 
(see appendix A) and one for spinors given in [2Hj . 



2 M = 2 U{N C ) gauge model 

We introduce a set of M = 2 vector superfields V ++ = V ++a t a where N c x N c hermitian 
matrices t a (a = 0,1,.. .,N 2 — 1) generate u(N c ), [t a ,tb] = ifb c t a , and t represents the 
overall u(l) generator. V ++ is the analytic superfield satisfying D + V ++ = D + V ++ = 0. 
In the analytic basis (x A , d ± , ± , uf) in (jl.ljl . D ± and D ± are given as 



= -5- , L>7 = - 2i(r<r m )d7^- , (2.1) 

and thus V ++ is a superfield in analytic subspace (x A ,9 + ,9 + ,uf) . In the Wess-Zumino 
( WZ) gauge V ++ is given as 

V ++ = -2i6 + a m d + v m (x A ) - iV2{6 + ) 2 0{x A ) + iV2(6 + ) 2 <j){x A ) 

+A(6 + ) 2 e + \\x A )uT - A(6 + ) 2 6 + \\x a )ut + 3(9 + ) 2 (9 + ) 2 D^ (x A )ur u J , (2.2) 

where v m , (ft, X 1 and D % i are vector, complex scalar, SU(2) doublet Weyl spinor and 
auxiliary field, respectively. Z? y ' is symmetric with respect to so that D l j = EjkD lk is 
an SU(2) matrix, D i j = iD A (T A ) i j. The reality V ++ = V ++ , where the tilde "~" means 
the analyticity preserving conjugation [5] (see appendix A), implies that D % i = D % i because 
D^u^uJ = DijU~ % u~i = D^u^uJ, and that the D A is a real three vector D A = D A . 
The field strength W is given by 

^=-> + ) 2 E /*.^(-r , Vl^l'n^n (2 ' 3 > 

It is straightforward to derive the following expression by using formulas given in (see 
also 0): 



+tV2(6) i v mn V m V n <j ) + i(6f £ij [\\ X j ] + iyf2{9)\(f>, [0, 0]]-2^+r [0, 0] + • • • (2.4) 



W = -iv^0 - 29 i \ i + 0*0^- + Fa^Oi v mn + ~z(W) - -v / 2(^ i ^')[0, ^Aj 
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where 



Vmn d m V n d n V m ~\- i\v mj V n ~\ , 

V m (fi = d m (f) + i[v m , 0] , T> m \ = d m \ + i[v m , A] 



(2.5) 



and ellipsis represents terms which do not contribute to the action. 
We consider the action 



Sv = ~lj * x W^ W ) - {DfT{W)] 



(2.6) 



where T is an analytic trace function of W = W a t a and (L>) 4 = ±(D+) 2 (D-) 2 . The S v 
can be regarded as the leading contribution to the M = 2 YM LEEA. The action (|2.fij) 
reduces in component fields to 



d x 



-g ab V m <p a V r , 



•r 



-J- a b\A a VmAi + -J-ab\A cr JJ m \ 



-\g ab v a mn v bmn - l -ReF ab \e m ^v a mn v b pq + \g ab f^ d f$*tf 
+^g ab D at W b tJ + ^ c |A m A^. _ lF a6c |A ai A 6 ^=. 



fir \\ai„rnn\b f I \ ai — mn \ b\„, 
--^J-abc\A a \-J-abc\A CT \)V, 



c 

mn 



1 



i^|(A a4 A^)(A 4 c Aj) + A^ afcc£i |(A-A^)(A* 



12 



12 



(2.7) 



where T ai -a n = d n J r /dW ai ■ ■ -dW an and g a {, = ImjF afe |. JT o6 ...| represents JF ab ... evaluated 
at ± = ^ = 0. We have used the relation 



fbafcl = -KS^<p d )Fca\ 

which follows from the fact that <p a and T a \ transform as adjoint under U(N C ). 



(2- 



2.1 electric & magnetic FI terms 

We introduce the electric FI term EH 



S e = J dud( { - 4) tr (E ++ V ++ ) + c.c. = J d 4 xC j D^ + c.c. 



(2.9) 



where d£( 4 ** = d i XAd A 6 + and S ++ = ^ufvij is the electric FI parameter. This term 



develops a constant imaginary part in the dual auxiliary field D D J of W% = T a . To see 
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this we derive the equation of motion for V ++ from Sy + S e . Rewriting Sy as an integral 
over the analytic subspace as was done in |25j for the bare theory in which T is quadratic, 
and then varying with respect to V ++ , we obtain 
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(D + ) 2 F a + Z+ + 5° a + c.c = 



This may be rewritten as 

(D + ) 2 (F a + 8*e^A a ) - (D + ) 2 (T a - B^OiO^) = 



(2.10) 



(2.11) 



Because T a = = Q % B^D a Di - + • ■ -, the effect of the electric FI term is to shift the dual 
auxiliary field by an imaginary constant, D™ 3 — > D^ 3 + 8z£ ij 5q. 
Next we introduce the magnetic FI term of the form 



OiOj ( + ^oo^CM ) + c.c. 



d A x [ei^D^ - FoabiKty + 2i^ooiese«i)] + c - c - • ( 2 - 12 ) 

We note that this term reduces to S e + const, for the bare theory. The effect of this term 
is to shift the auxiliary field D ai3 by an imaginary constant. This can be seen as follows. 
Observe that S™ and the D-dependent terms in Sy may be rewritten as 



--Jd 4 x(D 4 )[T a \e^(Dl 

1 



'I J' 



+^ ab \ [P&Htj e k e l D b kl + 29 i 9 j D a ij {-2e k \\ + e k a mn e k v h mn )) 

+ c.c. (2.13) 



^ abc \30 i &B$ j {-26 l \ b k )(-2e l \? 



where 



D 



aij 



D 



This implies that 



Sy + S. 



YM 



d 4 x(D 4 )!F(W) + c.c. 



(2.14) 



(2.15) 



where W is W with the replacement D aiJ — > D a%3 (similarly W is W with the replacement 
jjaij _^ jj a13 ^. We note that due to this effect the supersymmetry transformation law 
5 v \ ai = (D a ) l jTj J + • • • (see appendix B) changes to 



8 n \ ai = (D a y ir] j + 



S V X Q 



(2.16) 
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Gathering all together, the total action for the U (N c ) gauge model is 

Sym = Sy + S e + S™ . 
The terms including the auxiliary field Dfj 



fa 



i 



(e j + e j K + &f<»\ + + ^ bcd \x ci x dj - ^ bcd \\ a \ d ' 



i -= 



lead to 

Jjaij = _ 2g ah 

By eliminating the auxiliary field using this equation, the action Sym becomes 



where 



ql 

°YM 



fa 



■'—kill + £pot + £pauli + & mass 



- , 4fermi 



^kin 



-g ab V m <p a V m ^ b - \T ab \\ m o m V m \\ - ^ ab \\ m a m V m \\ 



■£pot 



a , v a v bmn 

^}a b Vmn v 
•\a^r\ b 



- ^T ab \e mnpq vl„v, 



ran^pq 



00 1 



-g ab V a V° - -g a D m3 \ D tj\ + W&mjFoo] - ^CiCmjJ 7 
= -g ab V a V b - \g ab D^\ D%\ - 2i(? + C ! HCn„ - l Dij ) , 



and 



£pauli 

r 

J-* TYi ass 



C 



4fcrmi 



ai ^.ran \b\„,c 

ran i 



\ ai fji^)\ d + \ m f b cd (-tV2^)\ d 



ITT \\ai„mn\ b f I \ ai — ran \ b\„, 

-^(Ai6c|A a \-J- ab c\A o- \)v. 

1 

1 

+-D^\ F abc \\\\ c - -D aij \ T^Vm , 



4 

~^ abcd \(X ai \ bj )(X^) + ^«w|(A*A*)(A?A. 



V2V a = -ifffi<f> c = -ik b a fi = +ik* b a <t> b , 



Jjaij I 



-2g 



ab 



Ob 



D a «\ + AiQK = -2g ab (f + C J K + (& + ®)K 



Ob 



(2.27) 
;2.28) 



V a is the Killing potential for the Killing vector k a = k a b db which generates U(N C ) isometry 
of the special Kahler geometry. 



3 Vacua of J\f = 2 U (N c ) gauge model 

We examine vacua of the model defined by Sym = Sy + S e + 5^ M . The scalar potential 
V = -£ P ot is 

V= \g a bD aij \ D\ 3 \ + g ab V a V b + 2i(C j + e j )^ JHj ~ Zoo) ■ (3.1) 
In the three-vector notation, 

?j=% A (T A ) i j , ^-^W'j, D ai j = iD aA {TAfj , A = 1,2, 3, 
D'"'/J)'' ; = -D ai jD h \ = D aA D bB ti (t a t b ) = 2^2 D aA D bA (3.2) 

A 

this is written as 

v = ^taJ^I £> bA | + g ab v a v b + Ai{a A + p)(^ - 

= 2<f 6 | + + + &Woa\] | 2 + g ab V a V b + m A + t A ){& - to) • (3-3) 

The last term is a constant. We demand positive definiteness of g ab . In order to determine 
the vacuum, we examine dV/d(W a \) = 0. The second term g ab V a V b in V tells us that 
(4> r ) = where t r represent non-Cartan generators and (*) means the vacuum expectation 
value (vev) of *. The vacuum condition is [H] 

(d a V)=l(F abc \ D bA D cA ) = (3.4) 

where we note (D cA \) = (D cA ) because fermions do not acquire vevs. Let us examine the 
case with 

T = Y^-tr(W) n (3.5) 
z — ' n! 

n 

for concreteness. Let Eg, i = 1, ...,N C be the fundamental matrix which has 1 at the 
(1? j )-compoiient and otherwise. Cartan generators may be written as U = Eg. We 
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have (d r V) = 0, because J^rg = (D r ) = 0. Noting that the points specified by (J r m) = 
correspond to unstable vacua, we derive the vacuum condition 

J2(D iA D [ - A ) = , i = l,...,jyc. (3.6) 

A 

This is solved by 

(4>) = diag(a 1 ,---,a 1 ,a 2 ,---,a 2 , • • •) , (3.7) 
which means that the gauge symmetry U (N c ) is broken down to J^J U (N n ) with N n = 

n 

N c . 

On the other hand, the supersymmetry transformation of \ ai (|2.16|) reduces on the 
vacuum to 

(6 n \») = (D^)rf = i<£^>(T A )V . (M"> = ( DTi i)v j = • (3-8) 
A necessary condition for the partial supersymmetry breaking is 

(det D-j) = 2 J2( DiAD ' lA ) = ( 3 - 9 ) 

A 

for some i. This is obviously satisfied by the vacua ()3.6|) . Let us look at the mass term 
for \\ 

- l -(F m \)\\(D%\v = —(^DiD^^TA)^ . (3.10) 

Because of f!3.9|) , a half of the fermions \\, i = 1,2, is massless. In fact, diagonalizing 
the mass matrix by a matrix U l j, we see that the supersymmetry transformation of the 
massless combination of A", say U , is non-trivial. In the ordinary hermitian matrices 
t a , a = 0, • • • , iV c 2 - 1, of u(N c ), this means that U l j\^ is massless and 5 J y(L rl jA 0j ) 7^ 0. 
Thus the Nambu-Goldstone fermion for partial supersymmetry breaking lies in the overall 
U(l) part of the massless combination of A 1 *, U X j\ Q i. 

Let us make a comment on the relation between the present construction and that of 
[TT] . The vacuum condition means that 

(2(£ A + £ A ) + (^ + ^)<Ra^|)) 2 = + > (3-H) 

(2(£ A + e A ) + (£2 + ^)(Re^u|)) (^ + g)(fla> = • (3-12) 

By using 577(2), we may choose + = (0, —m, 0) with a real constant m without 
loss of generality. Then ()3.12|) implies 

(Rejr,) = A(f + ^) = - 2 - (3.13) 

- m m 



with a real constant e. Substituting this into (j3.11|) we find 



m v 

By using U(l), residual rotational symmetry along 2-axis, we may choose (£ x + £ 1 ) = 
and (£ 3 + £ 3 ) = £ with a real constant £ without loss of generality, so that 

(g n ) = T2- ■ (3.15) 
m 

Thus we solve the vacuum condition by (.Fa) = — 2(— ±i— ). By fixing (2) appropriately 
we have managed to reproduce the conclusion of [11J. 

4 M = 2 U (N c ) Gauge model with Hypermultiplets 

We generalize the TV = 2 U (N c ) gauge model to the Af = 2 U (N c ) QCD model coupled 
with the q + - and cu-hypermultiplets. We consider both the fundamental representation of 
U(N C ) and the adjoint representation of U(N C ). 

4.1 q + hypermultiplets 

The q + hypermultiplet is an analytic superfield satisfying D + q + = D + q + = 0, and can be 
expanded as 

q + = F+(x A , u) + + 4>{x A , u) + 9 + R(x A , u) + (0+ ) 2 M~ (x A , u) + (9 + ) 2 N~ (x A , u) 
+i9 + a m 9 + A~(x A ,u) + (9 + ) 2 9 + ^ 2 \x A ,u) + (9 + ) 2 9 + X ( - 2) (x A , u) 
+ {9 + ) 2 {9 + ) 2 P^\x A ,u) (4.1) 

in the analytic basis. The physical fields are SU(2) A doublet complex scalars (to be 
denoted as f l ) contained in F + and a pair of SU(2) A isosinglet spinors, ip and k, where 
SU(2) A is the automorphism of Af = 2. 

We begin with a set of hypermultiplets q +fl where /x = u = 1, N c for fundamental 
q + while \l = a = 0, 1, Af? — 1 for adjoint g + . The U(N C ) gauged matter action for q + 
is (see appendix C for the symplectic covariant form) 

^gauged = _J d u dC { - 4) q+V ++ q +fl , V ++ q +fl = D ++ q +fl + iV ++a {T a Y u q +v (4.2) 

where D++ = d ++ - 2i9 + a m 9 + ^ + 9 +a J^ + 9 +& ^ and d++ = u +i ^. T a is 
understood as 



■ (t a ) U v for fundamental q + 

(T a y v = <j V ; H . (4.3) 

ad(t a ) b c = if b ac for adjoint q + 
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This action is invariant under the U(N C ) gauge transformation 

5q^ = ie a {T a Y v q +v , 8$ = -ie a q+(Ta)% ■ (4.4) 

In other words, the U(N C ) isometry generated by the Killing vector X^d+n = i{T a )^ v q +l 'd +lJi 
has been gauged (221- The Killing potential for A+ M is given by 

A a ++ = -#A+" = -iq+(T a r v q+» . (4.5) 

The equation of motion J) ++ q +fl = is expanded with respect to the order of 9 as 

d ++ F + = , (4.6) 
d ++ tfj = d ++ R = , (4.7) 
d ++ M~ + V2(f)F + = , (4.8) 
d ++ N- - V2(j)F + = , (4.9) 
d ++ A m - 2V m F + = , (4.10) 
<9++7 ( - 2) - ia m V m ^ + - AiXF + u- = , (4.11) 

d ++ x { ~ 2) + icr m V m R - \/2# + 4:i\ i F + u^ = , (4.12) 
g++ P (-3) _ v m A~ + V2&N- - V2<f)M- - 2iX i ip U ; + 2i~X i KU~ + 3iD ij U -ujF + = , 

(4-13) 

where V m = d m + iv m . Here, we have omitted U(N C ) index understanding SW-NE 
contraction for the U(N C ) index. For example, <pF + means <p u v F +v = <ft a (t a ) u v F +v for 
fundamental q + , while cf) a b F +h = (p c a,d(t c ) a b F +b = (f) c if^ b F +b for adjoint q + . We find that 
these equations can be solved by 

ID -> F + = f{x A )ut , (4.14) 
|T£D -> if, = tfj(x A ) , R = R{x A ) , (4.15) 
(gH) — > M" = -V20f l U - , (4.16) 

(ED -> ^- = V20/*«r , (4.i7) 

dHH -> A m = 2£>„J\r , (4.18) 

(jOTjl -> 7 ( " 2) = 2i\ i f j ur u - , (4.19) 

ia m V m ip - 2iX i j i - V2~4>R = , (4.20) 

(HDD -> X ( ~ 2) = -2zA7 i «7MT , (4.21) 

ia m V m R - 2iX l fi - V2(pip = , (4.22) 

(g32J) ^ p(-3) = _ iD H f k u r u ju; , (4.23) 

V m V m f - (00 + 00) f + iAty - iA*K + iD^ = . (4.24) 
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The infinitely many auxiliary fields contained in q + can be eliminated by using these 
equations except for (|4.2U|) . (|4.22j) and (J4.24|) which are dynamical. As a result, the 



action S^ aneed reduces to 



d x 



+1*^% + ifftS v K v + ^^ v r + ^f^uK v ] . (4.25) 



The gauge transformation and the Killing potential reduce respectively to 5fj* = e a (£ a 
(6 ft = e a (I a )') and A++| = Q%ufuf where 



Hence, 



= 2 {J^TaYvr + fl(T a y u f) .(4.26) 



- /,(# + #)f = (U(4) w b + r<P b ) , >!,»'■'!., = q i >d« 



(4.27) 



We introduce flavors to the action 5* gauged . We just regard the field q +fl as an Nf- 
dimensional vector. The action is simply 

^gauged = _J dud( { - 4) q+ I V ++ q + > 11 , (4.28) 

where / = l, ...,Nf. This implies that component fields /, ip and k are understood as 
iVj-dimensional vectors. We suppress the flavor index in the followings. 

In summary, the M = 2 U(N C ) gauged action for Nf hypermultiplets q +u in the 
fundamental representation of U(N C ) is 



ogauged 
fund q 



d 4 x 



-P u V m V m f? - % -^ u a m V m r - l -K u a m V m R u 

-/tu(# + 4><t>Tvf V + Q%Dfj 

+ ( - iftWV + iKu\ iU vf? + ^„fi" + C.C. 



(4.29) 



where Q l J = Q l J\T a =t a - On the other hand, the M = 2 U(N C ) gauged action for iV a 
hypermultiplets q +a in the adjoint representation of U(N C ) is 



Cgauged 
°adjq 



d x 



-f a V m V m f« - % -4> a a m V m r - l -n a a m V m K a 



(4.30) 



where Qj? = Q^\ Ta , 



ad(t a )- 
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4.2 u hypermultiplets 

The uj hypermultiplet is known as a real hypermultiplet, uj = uj. Here we combine two 
of them to a complex superfield, or equivalently we do not impose the reality condition. 
Such a complex uj hypermultiplet is expanded as 

oj(( iU )=uj(x a ,u) +e + ip-(x A ,u) + 6 + R~(x A ,u) + (6 + ) 2 M—(x Al u) + (6 + ) 2 N— (x A , u) 
+i6 + a m e + A--{x A ,u) + {9 + ) 2 6 + ^- 3 \x A ,u) + (6 + ) 2 6 + X { - 3) {x A ,u) 

^P^\x A ,u) . (4.31) 



We consider the U (N c ) gauged action 
gauged = iy dud(^ti(V ++ ) 2 uj , V ++ = D ++ + iV ++ , V ++ = V ++a T a , (4.32) 

where T a = (t a ) u v , u, v = 1, • • • , N c for uj u in the fundamental representation of U(N C ) , 
while T a = ad(t a ) 6 c = if^ c , a, b = 0, 1, • • • , N 2 — 1 for uj a in the adjoint representation of 
U(N C ) . The equation of motion, (V ++ ) 2 uj = 0, is expanded with respect to the order of 
9 as 

(d ++ fuo = , (4.33) 
(d ++ ) 2 ip- = (0 ++ ) 2 R- = , (4.34) 
{d ++ ) 2 M— + 2v / 20<9 ++ cj = , (4.35) 
(d ++ ) 2 N— - 2V2(j)d ++ uj = , (4.36) 
(d ++ ) 2 A7 m -4d ++ V m uj = , (4.37) 
(<9 ++ ) 2 7 ( ~ 3) - 2ta m V m d ++ ^~ + 2V20d ++ R- - 8a\7<9 ++ ^ - AiXufu = ,(4.38) 
( d ++y x (-3) + 2ia m V m d ++ R- - 2v / 2><9 ++ ^~ + SiXurd ++ uj + Ai\ l ufuj = ,(4.39) 
(0++)2p(-4) _ 2V rn d ++ A m - + 2V m V m uj + 2V20d ++ N— - 2v / 20<9 ++ M" 
- 2i\ l u\i)- - AiX^-d^ip- + 2i\ l ulR- + Ai\ i urd ++ R- 

+ 6iD ij ufujuj + 6iD ij U r u jd ++ u - 2(00 + <$)u = . (4.40) 
We find that these are solved by 

(J02D -> c^(x A ,u) = -J=^(x A )+^'(x A )u+u- , (4.41) 

dOlD -> ^"(a;A,«) =V' < W«r > ^(i A ,M) = K i (i A )tt 4 7 , (4.42) 
(IPoD -> M~(x a ,m) = -y/2<j>u ij UiUj , (4.43) 
dQBD -> N—(x A ,u) = V2(j)uj ij uruJ , (4.44) 
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A m _ (x A ,n) = 2V m u l: >u^uj , 

7 ( " 3) (xa,m) = 2i\ l u ]k UiUju^ , 

ia m V m i) 1 - V2(f)R l + 2i\jUJ ji + V2iX*u = 

%<r m V m K i - \f2^ + 2iA i ^ + v^iA*w = 



-iD ij u kl Ui u 3 u kUl , 



(4.45) 
(4.46) 
(4.47) 
(4.48) 
(4.49) 
(4.50) 



V m V m u> 13 



+ 



UJ 



- — D <J 'w - iD\u kj + iA ( V i} - iA (i ^ = 



V2 



V2V m V m u + iD^ujij + iAtyt - iA*^ - ^(00 + 00 V = . 



(4.51) 
(4.52) 



Eliminating infinitely many auxiliary fields by using these equations except for ()4.47|) . 

(I4.49|) . (|4.51j) and (|4.52|) which are dynamical, the action reduces to 

1 1 
—L 
2 

1 

—L 

2 



C^gauged 



dx 



% To 



1_ 

—UJ 

2 



+ <M>)w + S% D?j 



H — — ac + -K A J afy — zac XiUJ + -a; J Xiipj + — za;A ^ 

— ^-0 l 0ACj - ^-ui lj XiR,j - - ^^XPuJij + —^-i^XiU) (4.53) 

4fc i£ t: — t: 



where 



S« = % -od ki T a uh + ^iuj«T a uj - ^iu>T a uj ij . (4.54) 

It is easy to introduce flavors to the action by regarding w as a vector uj 1 

1 
" 2 

where / = 1, • ■ • , for fundamental to and / 
flavor index below. 

In summary, the U (N c ) gauged action for Nf hypermultiplets uj u in the fundamental 
representation of U(N C ) is 



dudC { - A) Z I (V ++ fu I , (4.55) 
N£ for adjoint lo. We omit the 



ogauged 
fundc; 



dx 



+ 



+ 



(4.56) 



14 



with S l J = S%\T a =t a i while that for N£ hypermultiplets u a in the adjoint representation 
of U(N C ) is 



Ogauged 
adj ui 



dx 



1 1 ?' i - 



~u>?(M> + #) a & 4 - ^ a (# + 00) V 6 + <S^. (4.57) 
+ + ~<A^4 - ^<A,<V + £w?A? 6 $ + ^■toa&bti + cc. 

with <S^ = S l a j \ Ta=ad{ta) . 

The TV = 2 U{N C ) QCD action coupled with JV) fundamental N a adjoint g +a , iVy 
fundamental u u and iV„ adjoint u; a is given as 

C _ Q I Qgaugcd , ogauged . Qgauged . ogauged (a ro\ 

dV,q,u> — -V Jf un dq "T ^adjg °fundo; D adjw (4.00 j 

with (J2ZZ1), (1^1) . P| . (I43H|) and g37j). 
4.3 electric &; magnetic FI terms 

Next, we add the electric and magnetic FI terms to the action Sv, q ,w in ([4.58)1 . The electric 
FI term S e is the same as ()2.9|) . As was seen in subsection 2.1, the effect of the magnetic 
FI term is to shift the auxiliary field D by an imaginary constant. Thanks to this property 
the magnetic FI term does not affect the superinvariance of the total action which now 
includes S e . This observation leads to the magnetic FI term of the form 

^ CD = S Y m M + J d*x 2i{C?{ + - g) (4.59) 

where S™ is given in (ITT21 . The last term in (143HJ) shifts the terms, Q^D^ in Sf^f 
®& and S*D% in S™ d (039, as 

Qa D ij + Sa D ij + 2*(6? + ~ e£) = \{Q% + S«)D% + cc. (4.60) 

where D is given in (l2~TD . The terms, Q' t ; in S™ d (jOtty and <S^L>°. in S™ d 
(|4.57|l . vanish because ad(to) = 0, and so the adjoint matters do not appear in (|4.59jl . 
Thus, we observe that 



Sv,q,cu + Sm CB — Sv,q,v\D-*D (4.61) 
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where \d^d means the replacement D a% * -»■ D aiJ (D a ^ -> £T ) 



Gathering all together, the total action is 

'S'QCD = Sv,q,u + S e + S m D , 

with ijOSI) . (QUI) and (PCT) . The auxiliary field D aij is solved by 



(4.62) 



DM3 = _ 2g a b {C , + + + C ^ + Qi] + + ^ + S , 



(4.63) 



while the D 3 is given as 



D 



aij 



-2g 



ab 



(C 1 + e j K + + CD^l + Ql J + Ql 3 + s» + si 



+-/ bcd \^ a x dJ - l^U^ dj 



(4.64) 



After eliminating auxiliary field D by using (|4.63p . the action of the M = 2 U(N C ) QCD 
model becomes 



^qcd ~~ / d^x 



•^kin ^pot ^Pauli ^mass ^4fermi 



(4.65) 



where 



kin 



b V m <j> a V m ft - \T ah \\ ai a m V m \\ - l -T ab \\ m a m V m X\ 



-I , v a v bmn 



l -ReF ab \e m ^v a mn vl 



-f u V m V m f? - % -i, u o m V m r - % -K u a m V m K u 
-f a V m V m tf - l -^ a a m V m r - l -K a a m V m R a 



I J Z 4 4 



+ 



a 

i > 



C pot = ~g ab D aij \ Dt\ - g ab V a V b + 2/^O^n, - 2iZMDijFoo\ 



+2*(Qo + So)(& - g) - 2i(C j + C^Dij - Ion) 



+ 



vUJ ij ~ 2 



-f 

J a 



+ 



a rb 
bli ~ 



a b 
b LU 



'j 



2 Ua 



+ 
+ 



U V 

V U1 



a b 
b U 



= -\g ab D^\ Dl\ - g ab P a P b - 2i(C j + CH0>,, - tDij) 



(4.66) 
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-f 

J a 



+ 



a rb 
bli 



CO 



'J 



2 a 



a i P n 
bUJ ij ~ 2 



+ 
+ 



U V 



a b 
b<^ , 



(4.67) 



C mass = +-g ab X ai f b cd (-zV2^)\f + -D ai >\ ^ C |A^ C 



^ --ar uri ■ 2~~ a ~' 4 -"<**"• "" ' 2" a ' l " T:i ' 4 

+c.c. , (4.68) 



where 



I 



■2g 



ab 



(e j + e j )s° b + &ob\ + + + &z + + 



D aij \+4i^5% 



(e j + e j K + + S) ^obi + G% + Q b + % j + 



(4.69) 



(4.70) 



£pauib ^4fermi and V a are given in (|2.23jh f)2.25j) and (|2.26j) . respectively. The action 
Sq CT) without FI terms corresponds to the Af = 2 action (see for example [THj) with flat 
four-dimensional space-time and with flat hyperkahler geometry of hypermultiplets. 



5 Vacua of M = 2 U(N C ) QCD model 

Let us examine vacua of the M — 2 U (N c ) QCD model coupled with hypermultiplets and 
equipped with the electric and magnetic FI terms, Sq CD in ()4.65|) . 
The vacua are determined by the scalar potential 

V = \g ab D^\ £>*.| + g ab V a V b + 2i(C j + e j )(Z IHj - Z Dij ) 

+T\(w + + ~^'(# + #)\<4- + \u>u{u + #) v 

+f a (# + ^)\f b + ^'(# + UTbU% + ^ a (# + ^)\u b . (5.1) 

We demand positive definiteness of g ab . The second term in the first line tells us that 
(<j) r ) = where r G non-Cartan directions. The first term in the second line reduces to 

m 2 T\_n (5.2) 
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because (00) = (|<^| 2 )tj_. Let us examine the phase in which (0 1 ) 7^ (so called the 
Coulomb phase). This leads to (/*) = 0, i.e., (/*) = 0, which implies that (Q^) = 0. 
Similarly one finds that (cofj) = (ou u ) = and (S^) = 0. On the other hand, the first 
term in the last line becomes 

(Tr^-UUJt + /(4*)/i) ( 5 - 3 ) 

and thus we derive (/*) =0 where r e non-Cartan directions, which implies that (Q%) = 
0. Similarly we derive (u>^) = (u r ) = and = 0. Summarizing we derived vevs at 
the vacua 

(/;) = ( W jf) = (u u ) = and (ti) = ( u y) = ( Ur ) = 0. (5.4) 

Finally we examine the first term in the first line in V, say V\. By using (|5.4j) . we derive 

(d A V 1 ) = 0, A = {/>«u^, (5.5) 

We note here that (/*), and (u{) are not determined by the scalar potential V. In 
addition, d^d^V = for A = {/■*, u\\ uo\}. This means that the adjoint matter scalars 
in the Cartan direction parametrize the flat directions in V. The non-trivial vacuum 
condition is 

(fy-Vi) = Isabel D^D%) = D bA D cA ) (5.6) 

where (D aA ) is the same as one without hypermultiplets in ()2.28|) because (Qjf) = (Qa ) = 
(<S l J) = (S l J) = 0. In this way, we arrive at the same vacuum condition as one for the 
model specified by Sy M in (|2.2(Jj) . As was explained in section 3, the supersymmetry 
transformation of X 1 on the vacua is 

(S^U 1 ^)) ± , (5 v (U 2 j X^)) = , (5 v \ ri ) = . (5.7) 

The supersymmetry transformation of matter fermions in q + and u is found in appendix 
B. Because the vevs of the supersymmetry transformation of matter fermions in the fun- 
damental representation are proportional to those of matter bosons in the fundamental 
representation, they vanish. On the other hand, the vevs of the supersymmetry trans- 
formation of matter fermions in the adjoint representation are proportional to those of 
matter bosons in the adjoint representation which are in non-Cartan directions, and so 
they vanish. Thus we have for all matter fermions 

(<W = 0, t^Kf.^f^'i^'C}. (5-8) 
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Let us look at the mass terms of A 1 * in ()4.68|) . Because of ()5.4|) they reduce at the 
vacua to (J3.1U)) . and thus U 1 is massless. This means in the ordinary basis spanned 
by hermitian matrices t a of U(N C ), that the overall U(l) fermion U 1 j\° : ' is the Nambu- 
Goldstone fermion associated with the spontaneous partial supersymmetry breaking TV = 
2 -> M = 1. 

In summary, we find that in the Coulomb phase 7^ the M = 2 U(N C ) QCD model 
Sqcd (|4.62|) describes the spontaneous partial supersymmetry breaking M = 2 — > H = 1. 
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A Notation 



The bar " " means the complex conjugation 



/< = /*, (A.l) 

fi = e ijf 3 = e ijfj = e ij e jkf k — ~P i (A-2) 

W = Sij, (A.3) 



The tilde " ~ " is the analyticity preserving conjugation, the product of the complex 
conjugation " ~~ " and the antipodal map " * ": (u +t y = u~ l and (u~ 1 )* = —u +l 

uf = u ±i , v* = -uf, (A.5) 
0± = 0±, $± = -6 ± . (A.6) 

B M = 2 supersymmetry transformation 

Under Af = 2 supersymmetry, coordinates transform as 

(aff , 0± ±d , uf) -> (aff - 2i(i7V m e + + ff+o^fffrr, 9± + ufrf a , 9 ±a + uffj^, uf) ,(B.l) 

which is generated by the differential operator 

rjQ + fjQ with [Q^ = -^ m ^d m + utd e+a+ ur de - a ^ 
{ Qai = -2i9 + a m u i d m + ufdQ+ A + u i d§-& 

The supersymmetry transformation law of component fields in V ++ is derived by matching 
the components with the appropriate power of 9 ± , 9 ± in <5 r? l /++ = (r/Q + f}Q)V ++ where 
the left hand side means transformations on the component fields. Because we are working 
in the WZ gauge, we gauge transform the resulting expression into the WZ gauge form. 
Thus we examine 

S V V ++ = (r]Q + nQ)V ++ - 5 g V ++ . (B.3) 

Because the supersymmetry transformation is an infinitesimal transformation, it is enough 
to consider the infinitesimal gauge transformation S g V ++ = —V ++ X g . Observe that by 
choosing an analytic superfield \ g as 

X g = F g + 9 + \- + 9 + R~ + (9 + ) 2 M g - + {9 + fN g - + t9 + a m 9+A gm 

+ (0 + ) 2 9+X g - 3) + (9 + ) 2 9 + \ g -V + (0+) 4 P fl (- 4 ) (B.4) 
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with 

F g = P^ = : (B.5 

\- a = 2i(V2ri i 4 + a m ffv m )ur , (B.6 

R~ & = -2i{y/2ff<f> + a m r] l v m )u- , (B.7 

M-- = 1ffVu l u 3 , (B.8 

N" = -2ri i \ j u7uJ , (B.9 

A~ m = %{ifa m V - AV m ^>r u j , (B.10 
A (-3) = _ 2 ^ M - M - M - j (B n 

X g ' 3) = -2^D^ k u-uTu- k) , (B.12 

the Af = 2 supersymmetry transformation law is obtained as 

6 r ,<f> = -iy/2e ij rj i \ i , (B.13 

6 v 4> = -iV2e ij fj i \ j , (B.14 

5 v v jn = ie ij (rfcr m \ : > + AV m ?f) , (B.15 

Mj, = f" 1 ^- + y/2a m ffD m <j> - ^[0, 0] + D^V , (B.16 

Sv X« = ^a m (T n ffv mn - y/2a m TfV m 4> + if)% 0] - , (B.17 

5 v D ij = -2irfa m V m \ j + 2iV m \ i a m ff + 2\/2ff[V , 0] + 2^*^', 0] . (B.18 

Because the U(N C ) gauged action for q + hypermultiplets is invariant under the in- 
finitesimal gauge transformation, S g q + = i\q + and S g V ++ = —T> ++ \ with an analytic 
superfield A, the supersymmetry transformation of q + must be followed by the gauge 
transformation with A = \ g . Thus the supersymmetry transformation of the component 
fields in the q + hypermultiplet can be read off from 



with 5 g q + = i\ g q + as 



Similarly by examining 



<V? + = (vQ + vQ)q + -$ 9 q + (b.19) 

V = ^V + *f«, (B.20) 

5 v 4> a = 2i(a m fj i )aT> m f i - 2V2rfjU , (B.21) 

6 V R & = 2%{yfa m )^V m U + 2V2fj i & (j>f i . (B.22) 

6 v u = (rjQ + vQ)u ~ S g u, (B.23) 
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with 5gUJ = iXgUj, the supersymmetry transformation of the component fields in qj hyper- 
multiplet is obtained as 



V = V2(77Vi + *fKi) , (B.24) 

8 v u ij = 2(r/> ? ' ) + r/ ( V j) ) , (B.25) 

5 v iPi = -^Pli{a m ft)J) m uj + 2rfju + 2i(a m f ] j ) a V m uj j i - 2V2rfJu/ , (B.26) 

8 v Ri = -^[2%{rfa m )J) m uj - 2ff^uj + 2i(rf 'V m ) d D m o;/ + 2v / 2/,;^/ . (B.27) 

In presence of the magnetic FI term, the auxiliary field D 1 ^ is shifted by an imaginary 
constant. The U(N C ) gauge model (j2.17j) and the U(N C ) QCD model (j4.62j) are invariant 
under the above supersymmetry transformations with the replacement D — > D. 

C symplectic covariant form of S| auged 

Here, we give the symplectic covariant form of 5 , | auged . The q + can be written as 

q+M = F +M( XA;M ) + e + q M (x A ,u) + 9 + ^ M (x A ,u) + (9 + ) 2 M- M (x A ,u) 
+ (9 + ) 2 N- M (x A ,u)+i6 + a m 6 + A^ M (x A ,u) + (9 + ) 2 9 + x^ M (x A , u) 

+(e + ) 2 e + x { - 2)M (x A ,u) + (e + ) 2 (e + ) 2 p^ M (x A ,u) 

where M runs from 1 to 2N C for U(N C ) fundamental q + while from to 2N 2 — 1 for 
U(N C ) adjoint q+. q+ is related to q +M by g+ = q +M = tt MN q+ , where tt MN = Q NM 
is the invariant tensor of the symplectic group, Sp(N c ) for fundamental q + or Sp(N 2 ) for 
adjoint q + . The gauged action is 

gauged = ^ ^(-4) [ g + V++q+ M^ ^ {Q1) 

-tJ 



V ++ q +M = D ++ q +M + i V ++M N q +N , V ++J % = V ++a T a , T Q 



T a 



The fundamental or adjoint representation of the gauge group is embedded in the sym- 
plectic matrix, Sp(N c ) or Sp(N 2 ), respectively. This action is invariant under U(N C ) 
gauge transformation 5q +M = e a \+ M with A+ M = i(T a ) M N q +N . 
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